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Abstrat
We determine all inhomogeneous Yang-Mills algebras and super
Yang-Mills algebras whih are Koszul. Following a reent proposal,
a non-homogeneous algebra is said to be Koszul if the homogeneous
part is Koszul and if the PBW property holds. In this paper, the
homogeneous parts are the Yang-Mills algebra and the super Yang-
Mills algebra.
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1 Introdution
After the introdution in [1℄ of the notion of Koszulity for N-homogeneous
algebras, various onepts and onstrutions relative to quadrati algebras
have been extended to N -homogeneous algebras [2℄. An illustration of this,
onneted with theoretial physis, is provided by the study of the Yang-Mills
algebra desribed in [6℄ and in [7℄. More reently, an extension to nonhomo-
geneous algebras of the notion of Koszulity has been proposed (and justied)
in [3℄. Besides the Koszulity for the homogeneous part, this notion involves a
generalization of the Poinaré-Birkho-Witt property (PBW property) whih
has been also onsidered in [10℄.
Let A be the N-homogeneous algebra generated by s + 1 elements xλ
(λ ∈ {0, . . . , s}) with relations
Wa λ1...λNx
λ1 . . . xλN = 0, a ∈ {1, . . . , r} (1.1)
then an inhomogeneous version of A is an algebra AJ , again generated by
s+ 1 elements xλ, but with relations
Wa λ1...λNx
λ1 . . . xλN = Ja, a ∈ {1, . . . , r} (1.2)
with
Ja =
N−1∑
p=0
ja λ1...λpx
λ1 . . . xλp (1.3)
The algebra A is graded anonially (with xµ of degree 1) while there is
only a ltration on AJ . Let B be a basis of A whih onsists of monomials
in the generators and let B˜ be a orresponding family of monomials in the
free algebra over the generators, then the lasses in AJ of these monomials
generate the vetor spae AJ and they form a basis if and only if the PBW
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property is satised. In other words the PBW property means that the linear
mapping of A onto AJ assoiated to B and B˜ as above is an isomorphism.
By introduing the assoiated graded algebra gr(AJ) one obtains a anonial
homomorphism of A onto gr(AJ) whih is an isomorphism if and only if the
PBW property is satised.
In the ase of the Yang-Mills algebra, the generators are denoted by ∇λ
(λ ∈ {0, . . . , s}) and the homogeneous relations are s + 1 ubi relations
W ρ = 0 (ρ ∈ {0, . . . , s}) so for the inhomogeneous Yang-Mills algebras the
relations (1.2) read W ρ = Jρ. One has identially [∇ρ,W
ρ] = 0 so the PBW
property an be satised only if [∇ρ, J
ρ] = 0 follows from the relations (1.2).
It turns out that this is also suient as will be shown in Setion 3.
The plan of the paper is the following one. In the next setion, Setion
2, we review the results and the denition of [3℄ within an historial per-
spetive. In Setion 3, we apply the above results to determine all Koszul
inhomogeneous Yang-Mills algebras in the sense of [3℄ and point out that
the PBW property here is equivalent to the ovariant onservation of the
urrent" [∇µ, J
µ] = 0. In Setion 4 we determine all inhomogeneous super
Yang-Mills algebras. In both ases, the homogeneous parts were shown to
be Koszul in [6℄ and [7℄ respetively. The Yang-Mills algebra and its super
version are not only Koszul algebras but are also Gorenstein. This latter
property is a sort of Poinaré duality. At the Hohshild homologial level,
the sense in whih it is a form of Poinaré duality has been made preise in [4℄.
Throughout this paper K denotes a eld and if E and F are K-vetor
spaes, their tensor produt over K is simply denoted by E ⊗ F while the
3
tensor algebra, the symmetri algebra and the exterior algebra of E are
denoted respetively by T (E), S(E) and ∧(E). We use also everywhere
Einstein's onvention of summation of repeated up-down indies.
2 Non-homogeneous Koszul algebras
Let (V, ψ) be a Lie algebra, where ψ : V × V → V is a Lie braket over the
K vetor spae V . The onstrution of the enveloping algebra Uψ of the Lie
algebra (V, ψ), and the PBW theorem are well-known. Denote by (P ) the
two-sided ideal generated by P for any subset P of T (V ). Then
Uψ = T (V )/({x⊗ y − y ⊗ x− ψ(x, y) ; x, y ∈ V }).
The algebra Uψ is naturally ltered. Denote by gr(Uψ) the assoiated graded
algebra. The homogeneous quadrati part of the relations provides the sym-
metri algebra S(V ) = U0 whih is also a graded algebra. The PBW theorem
asserts that the natural graded algebra morphism p : S(V ) → gr(Uψ) is an
isomorphism. The PBW theorem admits a generalization to any inhomoge-
neous quadrati algebras [5℄ (see also [12℄) whih we now desribe.
Consider the natural ltration F n =
⊕
1≤i≤n V
⊗i
, n = 0, 1, . . ., of T (V ).
Let P be a subspae of F 2. Introdue the ltered algebra U = T (V )/(P ).
Set R = π(P ) ⊆ V ⊗ V , where π is the natural projetion of F 2 onto V ⊗V .
The homogeneous quadrati part of the relations of U provides the graded
algebra A = T (V )/(R). Let us say that U satises the PBW property if the
natural graded algebra morphism p : A→ gr(U) is an isomorphism.
THEOREM 1 (PBW theorem in the quadrati ase) With the above nota-
tions and assumptions, suppose that the homogeneous quadrati algebra A is
Koszul. Then U satises the PBW property if and only if the onditions
P ∩ F 1 = 0, (2.1)
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(PV + V P ) ∩ F 2 ⊆ P (2.2)
hold.
If U = Uψ as at the beginning but ψ : V × V → V is just an alternate
bilinear map, then (2.1) is lear and (2.2) is equivalent to the Jaobi identity
for ψ. So (2.2) an be viewed as a generalization of the Jaobi identity. The
proof of Theorem 1 given in [5℄ lies on Deformation Theory, while the proof
in [12℄ is more elementary.
The sympleti reetion algebras introdued in [9℄ satisfy a PBW the-
orem in a new ontext. This ontext is given by a nite group Γ ating
on a vetor spae V . The sympleti reetion algebras are multi-parameter
deformations of a ertain basi algebra Sk(E) assoiated to Γ and V , and var-
ious speializations of the parameters (or of the basi algebra) provide several
families of algebras whih are of great interest in Representation Theory and
Algebrai Geometry (desingularization). In this ontext, the ground eld K
is replaed by a ertain semi-simple non-ommutative ring k, and we are on-
erned on deformations of the (non-ommutative!) symmetri algebra Sk(E)
of some k-k-bimodule E . Let us enter into more details.
Let V be a nite dimensional omplex vetor spae whih is endowed with
a sympleti 2-form ω (here K = C). Let Γ be a nite subgroup of Sp(V ).
Denote by k = CΓ the group algebra of Γ. Consider the k-k-bimodule
E = V ⊗ k, with left Γ-ation given by g : v ⊗ a 7→ g(v)⊗ (ga), and right Γ-
ation given by v⊗a 7→ v⊗(ag), where ga and ag stand for the produt in the
group algebra. Then the k-k-algebras Tk(E) and Sk(E) an be onsidered.
For any g ∈ Γ, introdue the subspaes Mg := Im(Id−g) and Lg :=
Ker(Id−g). One has V = Mg ⊕ Lg and
∧2(V ) = (∧2(Mg))⊕ (Mg ⊗ Lg)⊕ (∧
2(Lg)). (2.3)
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The integer a(g) := dimMg is even, and g is alled a sympleti reetion if
this dimension is 2. Let ψg : ∧
2(V )→ C be the C-linear map whih oinides
with ω on ∧a(g)(Mg)⊗ ∧
2−a(g)(Lg) and vanishes on the other omponents of
(2.3). Clearly, ψg = 0 if g is neither Id nor a sympleti reetion.
One denes a skew-symmetri Γ-equivariant C-bilinear map ψ : V ×V →
k by setting ψ =
∑
g∈Γ ψg · g. Then the sympleti reetion algebra [9℄ is
the k-algebra Hψ dened by
Hψ = Tk(E)/({x⊗ y − y ⊗ x− ψ(x, y) ; x, y ∈ V }).
For any map m : Γ→ C whih is onstant on any onjugay lass, m ·ψ is Γ-
equivariant, and Hm·ψ is also alled a sympleti reetion algebra. The m's
are the parameters of the deformation. Thus the dimension of the parameter
spae (onsidered as a projetive spae) is the number of onjugay lasses of
sympleti reetions in Γ. Using an extension of Theorem 1 to semisimple
ground rings, the following PBW theorem for sympleti reetion algebras
was proved in [9℄.
THEOREM 2 The natural graded algebra morphism
H0·ψ = Sk(E)→ gr(Hm·ψ)
is an isomorphism.
In [3℄, this theorem was generalized to a new lass of Hm·ψ whih an be
desribed as follows. Let N be an integer with 2 ≤ N ≤ dimV , Γ be a nite
subgroup of GL(V ), and φ : ∧N(V )→ C be a Γ-invariant linear map (playing
the role of ω). There are an analogous deomposition (2.3) for ∧N(V ), and
analogous denitions for the ψg's, ψ, m · ψ, and Hm·ψ. In the relations of
Hm·ψ, the 2-tensor x ⊗ y − y ⊗ x is replaed by any totally skew-symmetri
tensor of N variables, while m · ψ is applying on these variables. A rst
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benet of this situation (in partiular, in the sympleti ase) is that the
parameter spae may ontain more onjugation lasses, up to ontain any
onjugation lass.
The algebras of the new lass are alled higher sympleti reetion alge-
bras. For the new lass, it was known [1℄ that the undeformed algebra (i.e.,
orresponding to m = 0, and whose relations are the antisymmetrizers of
degree N) is Koszul when Γ is trivial, i.e., when k = C (next the hange of
rings from C to any CΓ is easy). Theorem 2 for the new lass is proved in [3℄
by proving an N-version of the quadrati PBW theorem and using an argu-
ment based on a standard Koszul omplex. The N-version of the quadrati
PBW theorem is the following.
THEOREM 3 Assume that k is a von Neumann regular ring, V is a k-k-
bimodule, N is an integer ≥ 2, and P is a sub-k-k-bimodule of FN , where
F n = ⊕0≤i≤nV
⊗i
for any n ≥ 0 (tensor produt over k). Set U = Tk(V )/(P )
and A = Tk(V )/(R), where R = π(P ) and π is the projetion of F
N
onto
V ⊗N modulo FN−1. Assume that the graded left k-module TorA3 (k,k) is on-
entrated in degree N+1 (this property holds if A is Koszul). Then U satises
the PBW property if and only if the onditions
P ∩ FN−1 = 0, (2.4)
(PV + V P ) ∩ FN ⊆ P (2.5)
hold.
Let us reall the denition of a von Neumann regular ring [11℄, [13℄. A ring
k is said to be von Neumann regular if for any x ∈ k, there exists y ∈ k suh
that xyx = x. It is a basi fat that k is von Neumann regular if and only if
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any left (right) k-module is at, and it is this fat whih is used in the proof
of Theorem 3. Sine any projetive module is at, any semi-simple algebra
is von Neumann regular. Thus this theorem applies to higher sympleti
reetion algebras (CΓ is semi-simple). The proof of Theorem 3 given in [3℄
follows along the lines of the proof of Theorem 1 whih is given in [12℄ and
whih is more adapted (via atness) to an extension to von Neumann regular
ground rings.
In Theorem 3, the ondition whih generalizes the Jaobi identity is (2.5).
This ondition is expressed in a more expliit manner as follows.
PROPOSITION 4 Assume that (2.4) holds. Let ϕ : R → FN−1 be the
k-k-linear map suh that P = {x−ϕ(x); x ∈ R}. Deompose ϕ =
∑N−1
j=0 ϕj,
ϕj : R→ V
⊗j
. Set WN+1 = (R⊗V )∩ (V ⊗R), and denote by I the identity
map of V . Then (2.5) is equivalent to the set of the following relations
(ϕN−1 ⊗ I − I ⊗ ϕN−1) (WN+1) ⊆ R, (2.6)
(ϕj(ϕN−1 ⊗ I − I ⊗ ϕN−1) + ϕj−1 ⊗ I − I ⊗ ϕj−1) (WN+1) = 0,
1 ≤ j ≤ N − 1,
(2.7)
ϕ0(ϕN−1 ⊗ I − I ⊗ ϕN−1)(WN+1) = 0. (2.8)
An N-PBW theorem has been also obtained in [10℄. It is Theorem 3 in
whih k is a eld, V is a nite dimensional vetor spae over k, and the
assumption on A is the full one saying that A is Koszul. The proof uses
Deformation Theory and follows [5℄. In [10℄, the N -PBW theorem has been
applied to a lassiation result determining the PBW deformations of the N-
homogeneous algebras whose relations are the antisymmetrizers of degree N .
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The intersetion of this lassiation result with higher sympleti reetion
algebras is very small sine it orresponds to a trivial group Γ.
In the next setion, we shall apply the N-PBW theorem to determine the
PBW-deformations of the Yang-Mills algebras. It will be a situation in whih
the N-PBW theorem of [10℄ sues. However we believe it is important to
show that a general setting of the N-PBW theorem as developed in [3℄ allows
to inlude signiant relative situations where the ground eld is enlarged
to ertain non-ommutative rings.
Note also that the PBW-deformations of the Yang-Mills algebras having
two generators (i.e., when s = 1) will oinide with some speial ases already
obtained in [10℄ by applying the N -PBW theorem to the lassiation of the
PBW-deformations of ubi AS-regular algebras of global dimension 3. For
a higher number of generators, the Yang-Mills algebras are not AS-regular
sine they have an exponential growth (as graded algebras).
Let us end this setion by a terminology point whih deserves to be men-
tioned. Besides the terminology PBW-deformations whih is natural when
the starting point is A and the aim is U , it may be onvenient to have an
intrinsi terminology for the ltered algebras U . It was proposed in [3℄ by
saying that U is Koszul. Let us reall preisely this denition from [3℄, in
whih a historial argument for this terminology is also given (going bak
to the rst Lie theory use by J. L. Koszul of his omplex). Note that this
terminology agrees with the graded one.
DEFINITION 1 Assume that k is a von Neumann regular ring, V is a k-
k-bimodule, N is an integer ≥ 2, and P is a sub-k-k-bimodule of FN , where
F n = ⊕0≤i≤nV
⊗i
for any n ≥ 0. Set U = Tk(V )/(P ) and A = Tk(V )/(R),
where R = π(P ) and π is the projetion of FN onto V ⊗N modulo FN−1. Then
U is said to be Koszul if the graded algebra (with N-homogeneous relations)
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A is Koszul and if the PBW property holds for U .
3 Regular urrents for the Yang-Mills algebra
Let gλµ be the omponents of a nondegenerate symmetri bilinear form on
Ks+1 in the anonial basis and let us denote by gλµ be the omponents of
the nondegenerate symmetri bilinear form on the dual vetor spae of Ks+1
suh that gλµg
µν = δνλ (i.e. given by the inverse matrix). Reall that the
Yang-Mills algebra [6℄ is the ubi algebra A generated by s+1 elements ∇λ
(λ ∈ {0, . . . , s}) with relations
gλµ[∇λ, [∇µ,∇ν ]] = 0, ν ∈ {0, . . . , s} (3.1)
that is A = A(E,R) with E = ⊕λK∇λ and R ⊂ E
⊗3
given by
R =
∑
ρ
KW ρ =
∑
ρ
Kgλµgνρ[∇λ[∇µ,∇ν ]⊗]⊗ (3.2)
where the notations of [2℄ have been used. The following result was proved
in [6℄.
THEOREM 5 The ubi Yang-Mills algebra A is Koszul of global dimen-
sion 3 and is Gorenstein.
The basis W ρ (ρ ∈ {0, . . . , s}) of R reads
W ρ = W ρλµν∇λ ⊗∇µ ⊗∇ν (3.3)
with
W ρλµν = gρλgµν + gρνgλµ − 2gρµgλν (3.4)
whih satises
W λµνρ = W ρλµν (3.5)
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that is one has
w := W ρ ⊗∇ρ = ∇ρ ⊗W
ρ
(3.6)
and w spans the spae WN+1 =W4 of last setion whih is an 1-dimensional
subspae of E⊗
4
. Using the onepts introdued in [8℄ one has A = A(w, 3)
and Qw = 1l.
Besides invariane by yli permutation (3.5), w has another important
property namely
W ρλµν +W ρνλµ +W ρµνλ = 0 (3.7)
whih is useful for the omputations.
Our aim now is to apply Proposition 4 to onstrut all linear mappings
ϕ : R→ K1l⊕E⊕E⊗
2
suh that the algebra Aϕ = T (E)/({x−ϕ(x)|x ∈ R})
is Koszul in the sense of Denition 1, i.e. satises the PBW property.
Dene the urrent J with omponents Jρ (ρ ∈ {0, . . . , s}) by
Jρ = ϕ(W ρ) = jµνρ∇µ ⊗∇ν + j
λρ∇λ + j
ρ
1l (3.8)
where the j′s are in K. The urrent J will be said to be regular whenever
Aϕ satises the PBW property (i.e. whenever Aϕ is Koszul).
THEOREM 6 The PBW property is satised, i.e. J is regular, if and only
if one has
jαβγ = (gαρgβγ − gαγgβρ)bρ + ω
αβγ + sαβγ
jαβ = −1
2
ωαβρbρ + s
αβ
jα = sα
where ωαβγ is ompletely antisymmetri (ω ∈ ∧3Ks+1), sαβγ is ompletely
symmetri with sαβρbρ = 0, s
αβ
is symmetri with sαρbρ = 0 and s
α
is suh
that sρbρ = 0.
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Proof. Equation (2.6) reads here
jαβγ(∇α⊗∇β⊗∇γ−∇γ⊗∇α⊗∇β) = W
ρbρ for some bρ ∈ K (ρ ∈ {0, . . . , s})
whih is equivalent to jαβγ = (gαρgβγ − gβρgαγ)bρ + c
αβγ
with cαβγ = cγαβ
(∀α; β, γ ∈ {0, . . . , s}) whih means cαβγ = ωαβγ+sαβγ with ωαβγ ompletely
antisymmetri and sαβγ ompletely symmetri. Indeed (gαρgβγ−gβρgαγ)bρ is
a solution of the above equation while cαβγ invariant by yli permutation
is the general solution of the orresponding equation for bρ = 0.
Equation (2.7) for j = 2 reads here (jαβρbρ + j
αβ − jβα)∇α ⊗∇β = 0 whih
is equivalent to sαβρbρ = 0 and j
αβ = −1
2
ωαβρbρ + s
αβ
with sαβ = sβα.
Equation (2.7) for j = 1 reads then (sine jρ∇ρ−∇ρj
ρ = 0) jαρbρ = 0 whih
is equivalent to sαρbρ = 0.
Finally, Equation (2.8) reads jρbρ = 0 whih implies the result.
The inhomogeneous Yang-Mills algebra Aϕ is the algebra generated by
elements ∇λ (λ ∈ {0, . . . , s}) with relations
[∇λ, F
λµ] = Jµ, µ ∈ {0, . . . , s} (3.9)
with F µν = [∇µ,∇ν ] = gµαgνβ[∇α,∇β] = g
µαgνβFαβ and where, with an
abuse of notation, we have again denoted by Jµ the element of Aϕ obtained
by multipliation inAϕ from J
µ ∈ T (E) (i.e. by replaing the tensor produts
by the produts inAϕ). On the other hand, the left hand side of (3.9) satises
identially
[∇µ[∇λ, F
λµ]] = 0 (3.10)
in view of the assoiativity of the produt of the ∇α. It follows that the
PBW property an be satised only if one has
[∇µ, J
µ] = 0 (3.11)
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i.e. ovariant onservation" of the urrent J . It turns out that this is
suient, that is Equation (3.11) implies the onditions of the last theorem
for J . Thus (3.11) is equivalent here to the PBW property and plays the role
of the generalization of the Jaobi identity.
To make ontat with physis one should require that besides (3.11), J only
depends on the ∇λ through the ommutators Fλµ = [∇λ,∇µ] whih implies
Jµ = bλF
λµ + ωλρµFλρ + s
µ
1l (3.12)
with ωαβγ ompletely antisymmetri suh that
bλω
λµν = 0 (3.13)
and with sα suh that
bλs
λ = 0 (3.14)
in view Theorem (6).
Thinking of the eletromagneti ase, ∇λ = ∂λ+Aλ, et., one sees that (3.12)
ompleted with (3.13) and (3.14) ontains a generalization of Ohm's law.
4 Inhomogeneous super Yang-Mills algebras
The Yang-Mills algebra is the universal enveloping algebra of a Lie algebra
[6℄ whih has a super variant. The super Yang-Mills algebra dened in [7℄
is the ubi algebra A˜ generated by s + 1 elements Sλ (λ ∈ {0, . . . , s}) with
relations
gλµ[Sλ, {Sµ, Sν}] = 0, ν ∈ {0, . . . , s} (4.1)
where gαβ, gαβ, et. are as in the last setion and where {A,B} = AB+BA.
Relations (4.1) an be equivalently written as
[gλµSλSµ, Sν ] = 0, ν ∈ {0, . . . , s} (4.2)
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whih means that the quadrati element gλµSλSµ is a entral element of A˜.
Using again the notations of [2℄ one has A˜ = A(E˜, R˜) with E˜ = ⊕λKSλ and
R˜ =
∑
ρ
KW˜ ρ =
∑
ρ
K(gλρgµν − gλµgνρ)Sλ ⊗ Sµ ⊗ Sν (4.3)
The following result was proved in [7℄.
THEOREM 7 The ubi super Yang-Mills algebra A˜ is Koszul of global
dimension 3 and is Gorenstein.
The basis W˜ ρ (ρ ∈ {, . . . , s}) of R˜ reads
W˜ ρ = W˜ ρλµνSλ ⊗ Sµ ⊗ Sν (4.4)
with
W˜ ρλµν = gρλgµν − gρνgλµ (4.5)
whih satises
W˜ λµνρ = −W˜ ρλµν (4.6)
so one has
w˜ := Sρ ⊗ W˜
ρ = −W˜ ρ ⊗ Sρ (4.7)
A˜ = A(w˜, 3) with Qw˜ = −1l (with the notations of [8℄) and w˜ spans the spae
WN+1 =W4 of Setion 2 whih is again 1-dimensional.
We now add inhomogeneous terms
J˜ρ = ϕ˜(W˜ ρ) = ˜αβρSα ⊗ Sβ + ˜
αρSα + ˜
ρ
1l ∈ K1l⊕ E˜ ⊕ E˜⊗
2
and look for the onditions under whih the PBW property holds for A˜ϕ˜ =
T (E˜)/({x− ϕ˜(x)|x ∈ R˜}) i.e. suh that A˜ϕ˜ is Koszul in the sense of [3℄.
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THEOREM 8 The PBW property is satised if and only if one has
˜αβγ = (gαγgβρ − gβγgαρ)bρ
˜αβ = ωαβ
˜α = −1
2
ωαρbρ
with ωαβ = −ωβα.
Proof. Equation (2.6) reads here ˜αβγ+ ˜βγα = W˜ αβγρbρ = (g
αβgγρ−gβγgαρ)bρ
for some bρ ∈ K (ρ ∈ {0, . . . , s}) whih is equivalent to
˜αβγ = (gαγgβρ − gβγgαρ)bρ (4.8)
Equation (2.7) for j = 2 reads here ˜αβγbγ+ ˜
αβ+ ˜βα = 0 whih is equivalent
to ˜αβ = −˜βα = ωαβ sine it follows from (4.8) that one has ˜αβγbγ = 0
identially.
Equation (2.7) for j = 1 reads here ˜αγbγ + 2˜
α = 0 whih is equivalent to
˜α = −1
2
ωαρbρ, while Equation (2.8) whih reads ˜
ρbρ = 0 is then identially
satised. 
With J˜ as in Theorem 8 above, the relations of the algebra read
[gλµSλSµ, Sν ] = −[g
λµbλSµ, Sν] + ω
λρgρν(Sλ +
1
2
bλ1l) (4.9)
or, equivalently
[gλµSˆλSˆµ, Sˆν ] = ω
τρgρνSˆτ (4.10)
with
Sˆλ = Sλ +
1
2
bλ1l (4.11)
so ad(gλµSˆλSˆµ) indues the innitesimal rotation (ω
τρgρν) ∈ so(s + 1, g) in
the generators Sˆα.
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